Part accuracy improvement in two point incremental forming with a partial die using a model predictive control algorithm by Lu, Haibo et al.
Accepted Manuscript
Title: Part accuracy improvement in two point incremental
forming with a partial die using a model predictive control
algorithm
Authors: Haibo Lu, Michael Kearney, Chenhao Wang, Sheng
Liu, Paul A. Meehan
PII: S0141-6359(16)30135-0
DOI: http://dx.doi.org/doi:10.1016/j.precisioneng.2017.02.006
Reference: PRE 6532
To appear in: Precision Engineering
Received date: 4-8-2016
Revised date: 11-1-2017
Accepted date: 9-2-2017
Please cite this article as: Lu Haibo, Kearney Michael, Wang Chenhao, Liu Sheng,
Meehan Paul A.Part accuracy improvement in two point incremental forming with
a partial die using a model predictive control algorithm.Precision Engineering
http://dx.doi.org/10.1016/j.precisioneng.2017.02.006
This is a PDF file of an unedited manuscript that has been accepted for publication.
As a service to our customers we are providing this early version of the manuscript.
The manuscript will undergo copyediting, typesetting, and review of the resulting proof
before it is published in its final form. Please note that during the production process
errors may be discovered which could affect the content, and all legal disclaimers that
apply to the journal pertain.
Research highlights: 
 Flexible forming technologies are becoming increasingly significant with the rise of 
small batch and customised production in the market. 
 Incremental Sheet Forming (ISF) is an emerging technology that promises high 
flexibility and formability but the low part accuracy limits its industry application. 
 A model predictive control (MPC) algorithm was developed for two point 
incremental sheet forming (TPIF) with a partial die to improve part accuracy via 
two-directional toolpath correction.  
 The control models are built based on the deformation nature of the TPIF process 
with a partial die.  
 The TPIF process with MPC control leads to significant improvement in part 
accuracy compared with the traditional TPIF without toolpath control.  
  
 Part accuracy improvement in two point incremental forming with a 
partial die using a model predictive control algorithm 
Haibo Lu 
a,*
, Michael Kearney 
a
, Chenhao Wang 
a
, Sheng Liu 
a
 and Paul A. Meehan
 a
 
a
 School of Mechanical & Mining Engineering, University of Queensland, St Lucia, Brisbane, 
QLD 4072, Australia 
* Corresponding author. Tel.: +61 (0)7 3346 9570.  
E-mail addresses: h.lu2@uq.edu.au, luhaibocsu@gmail.com (H. Lu) 
  
Abstract 
As a flexible forming technology, Incremental Sheet Forming (ISF) is a promising 
alternative to traditional sheet forming processes in small-batch or customised 
production but suffers from low part accuracy in terms of its application in the industry. 
The ISF toolpath has direct influences on the geometric accuracy of the formed part 
since the part is formed by a simple tool following the toolpath. Based on the basic 
structure of a simple Model Predictive Control (MPC) algorithm designed for Single 
Point Incremental Forming (SPIF) in our previous work [1] that only dealt with the 
toolpath correction in the vertical direction, an enhanced MPC algorithm has been 
developed specially for Two Point Incremental Forming (TPIF) with a partial die in this 
work. The enhanced control algorithm is able to correct the toolpath in both the vertical 
and horizontal directions. In the newly-added horizontal control module, intensive 
profile points in the evenly distributed radial directions of the horizontal section were 
used to estimate the horizontal error distribution along the horizontal sectional profile 
during the forming process. The toolpath correction was performed through properly 
adjusting the toolpath in two directions based on the optimised toolpath parameters at 
each step. A case study for forming a non-axisymmetric shape was conducted to 
experimentally validate the developed toolpath correction strategy. Experiment results 
indicate that the two-directional toolpath correction approach contributes to part 
accuracy improvement in TPIF compared with the typical TPIF process that is without 
toolpath correction. 
Keywords: Two point incremental forming; Model predictive control; Geometric accuracy; 
Toolpath correction.  
 
1. Introduction  
ISF is a flexible sheet forming technology that offers a promising alternative to 
traditional sheet forming processes for the cost-effective production of small-batch or 
customised parts. Without using dedicated dies, it uses a simple tool with a 
hemispherical end to form the sheet parts. By travelling along a 3D CAM toolpath on 
the surface of the sheet, the tool end deforms the sheet incrementally with the plastic 
deformation localised near the tool end [2] during the forming process. The two main 
variations of ISF are SPIF and TPIF. The main difference is that TPIF uses simple dies 
besides the forming tool (Figure 1b and c) while SPIF (Figure 1a) only uses a single 
tool to form the parts. To be more specific, TPIF can be classified into two types, 
namely TPIF with a full die and TPIF with a partial die, as shown in Figure 1b and c. 
The simple dies are generally made of cheap materials like timber or resin [3] so that the 
cost in the fabrication and storage of dies is not huge. With the use of supporting dies, 
TPIF generally leads to better geometric accuracy of the formed parts than SPIF [4]. 
The major limitation of ISF is the poor geometric accuracy of the formed parts. The 
errors are usually caused by the sheet springback and sheet bending. The sheet 
springback accounts for the geometric inaccuracies in the most areas of the formed parts. 
In addition, the “pillow effect”, an unwanted curved surface, typically occurs on the flat 
base of the part formed in SPIF [5]. In order to improve the poor geometric accuracy, 
some attempts have been presented in the literature, including experimental 
investigation of process parameters [4, 6], hybrid ISF processes [7-9], the use of 
partially cut-out blanks [10], and a multi-stage strategy [3].  
 Figure 1 Typical ISF variations. 
Recently, many studies concentrated on the toolpath correction/optimisation. The ISF 
toolpath can be corrected by using error compensation based on trial fabrications [11], a 
feature-based toolpath generation strategy [12], a Multivariate Adaptive Regression 
splines (MARS) correction strategy [13], iterative algorithms based on a transfer 
function [14], and  an artificial cognitive system [15]. Moreover, some in-process 
toolpath correction approaches were performed in SPIF based on a control strategy 
using spatial impulse responses of the process [16] and a MPC strategy [17]. In 
particular, the MPC control strategy reported in [17] only dealt with the optimisation of 
the step depth, which is one of the two critical toolpath parameters in ISF. The 
predictive model in the control algorithm was obtained based on the formed shape in 
SPIF without toolpath control. In our previous work [1], a different MPC control 
strategy was developed to improve geometric accuracy via in-process toolpath 
correction. The MPC control algorithm used an analytical predictive model to vertically 
correct the toolpath by optimising the step depth during the forming process. The results 
showed that the geometric errors were improved in the base areas of the formed part, 
but the errors in the part wall areas were still relatively large since the proposed control 
algorithm only dealt with toolpath correction in the vertical direction. Additionally, 
obvious “pillow effect” was observed at the flat bases of the parts formed in the SPIF 
processes. The “pillow effect” is one of typical geometric inaccuracies in SPIF, however, 
there is no notable “pillow effect” in TPIF with the use of dies to support the flat base 
[18].  
Currently, there are not many studies that have been reported on in-process toolpath 
correction in TPIF. In TPIF with a single full die, it is difficult to correct the geometric 
errors by freely adjusting the toolpath because the tool movement is greatly limited by 
the full die with a definite shape as shown in Figure 1b. A possible way for toolpath 
correction in TPIF with a full die is to use different full dies with modified shapes at the 
intermediate stages of the forming process. It would be time-consuming to fabricate 
multiple full dies for forming a part. On the contrary, TPIF with a partial die is more 
flexible and the toolpath can be freely adjusted in a large range for geometric accuracy 
improvement.  
This paper presents a MPC control algorithm for TPIF with a partial die to improve 
geometric accuracy via in-process toolpath correction in the horizontal and vertical 
directions. Based on our previous work for SPIF toolpath correction only in the vertical 
direction [1], an enhanced MPC algorithm has been developed specially for TPIF with a 
partial die to correct the toolpath through optimising the step depth and the horizontal 
step increment. In particular, a horizontal control module is added in the enhanced MPC 
algorithm for toolpath correction in the horizontal direction. In the horizontal control 
module, intensive profile points in the evenly distributed radial directions of the 
horizontal section were used to estimate the horizontal error distribution along the 
horizontal sectional profile during the forming process, which provide an achievable 
method to estimate the horizontal error distribution in forming general shapes. Two 
analytical models, based on the deformation nature in TPIF with a partial, were used for 
shape state predictions in two directions so that in-process toolpath control and 
correction can be directly conducted. During the forming process, shape measurement is 
performed at each time-step to provide shape feedback in the control algorithm. In the 
two (vertical and horizontal) separate MPC modules, optimised values of step depth and 
horizontal step increment are used to correct the toolpath in the vertical and horizontal 
directions, respectively. A non-axisymmetric shape was used to experimentally validate 
the developed control strategy. The experimental results were analysed by comparing 
the typical TPIF process and the TPIF process with toolpath correction in terms of 
horizontal sectional profiles, the error colour map, and the percentage distribution of 
geometric deviations. This work offers an achievable approach on in-process toolpath 
control/correction in TPIF with improved geometric accuracy on the final parts.  
2. MPC control strategy for TPIF with a partial die 
MPC is an advanced control technology and it is able to use linear models to deal with 
the control of constrained non-linear systems in various industry processes [17, 19]. 
This control technology is used to drive the system state following the target trajectory 
by minimising the predicted states and the target states in a finite horizon. Suppose a 
nonlinear system is modelled as, 
( 1) ( ( ), ( ))y y k kk f u   .                                         (1) 
The optimisation problem solved by MPC at each time instant is expressed in the 
following equation,  
min 
2 2ˆ( ) ( ) ( ) ( )J k k kY k W U   ,                           (2) 
subject to   1| ( ( )ˆ( ) )y Ay kkk k B u    
min maxu u u    
where  ( )J k  is the cost function,      ( ) 1| , 2 | ,  , ˆ ˆ ˆ ˆ |  
T
pY k y k k y k k y k N k      
contains the predicted system outputs and ( 1 ( )ˆ )| () Ay k By k kuk    is the linear 
simplification of the system,      1 , 2 ,  ,  
T
pW w k w k w k N        is the target 
trajectory, ( 1), ( 2)  , , ( )p
T
U u k u k u k N           collects the system inputs over 
the prediction horizon ( pN ).  
The process model is dynamic because the prediction model at each sampling instant is 
updated based on the currently measured state and the estimated future inputs. Control 
actions over the finite horizon are obtained by solving an optimisation problem at the 
current sampling instant but only the first move of the control actions will be applied in 
the future. 
The in-process toolpath correction strategy for TPIF with a partial die is developed 
based on a two-directional MPC control algorithm. The basic concept of toolpath 
correction in TPIF is illustrated in Figure 2. There are geometric errors on the formed 
part using the initial toolpath. By correcting the toolpath based on shape feedback in the 
MPC controlled process, the geometric errors can be reduced on the final parts. More 
specifically, the toolpath is corrected in two perpendicular directions during the forming 
process. This is achieved by properly modifying the values of two critical toolpath 
parameters, namely the horizontal step increment ( ru ) and the step depth ( zu ) in 
Figure 4, based on the optimisation in the MPC algorithm.  
Figure 3 illustrates the structure of feedback control of TPIF using the two-directional 
MPC control algorithm. The forming process consists of a number of forming steps and 
each forming step corresponds to the forming a single contour. The control algorithm 
takes each forming step as a time-step. At time-step k, the measured shape states of 
currently formed shape are imported to the predictive models for shape state predictions 
of future several steps in the two directions. To drive the predicted shape states as close 
as to target shape states, the MPC optimisers will optimise zu and ru  of the next 
several steps, however only the optimised zu and ru  of the following single step 
(k+1) are used to correct the toolpath. In this way, the control of toolpath parameters 
will be repeated step by step till the end of the whole forming process.  
 
Figure 2 Toolpath correction by using a MPC control algorithm (section view). 
 Figure 3 MPC control of two toolpath parameters in ISF. 
 
Figure 4 Two critical parameters of the contour toolpath. 
There are no specialised modules for generating ISF toolpath in commercial CAM 
softwares. The most commonly-used toolpath type in ISF is the parallel contour 
toolpath generated in the milling module of CAM softwares [20]. It consists of a certain 
number of contours that are parallel to each other, as shown in Figure 4. In this control 
model, each contour is represented by a certain number (m) of contour points defined in 
the cylindrical coordinate system. Therefore, the toolpath can be horizontally corrected 
in enough number of radial directions when forming general shapes, such as non-
axisymmetric shapes. ru  collects the radial distances between on two successive 
contours in terms of the predefined contour points (Figure 4). ru  can be represented as, 
  1 2( 1) ( 1), ( 1), , ( 1), , ( 1)j mr r r r ru k u k u k u k u k              ,              (3) 
and 1( 1) , 1,2,...,
j j j
r k ku k r r j m      
where m is the number of contour points at each step, ( 1)jru k   is the radial distance 
between corresponding profile points from two neighbouring contours. 
Step depth, zu , is the vertical depth that the tool travels down between two 
consecutive steps. In particular, the number of contours depends on the zu value and 
the total depth of the shape design. Therefore, the number of steps is also determined by 
zu  and the shape depth since the forming of a single contour is taken as a time-step. 
At each step, the z coordinates of all contour points on a single contour are the same 
since these points are on the same z-level plane. This can be expressed as,   
1( 1)z k ku k z z    .                                                       (4) 
Between two neighboring contours of the toolpath, zu  and ru  account for the tool 
movements in the vertical direction and the horizontal direction, respectively. Therefore, 
two separate MPC control modules are designed to optimise the two parameters 
separately.  
2.1 MPC control algorithm in TPIF 
A simple MPC control algorithm that only optimises zu  in SPIF was demonstrated in 
our previous study [1] that it was able to properly correct the toolpath in the vertical 
direction. Toolpath correction in the vertical direction leads to geometric accuracy 
improvement in the base area of the formed parts whilst the part accuracy in the wall 
areas requires further improvement. This is consistent with the work reported in [17]. In 
this work, an enhanced MPC algorithm has been developed specially for TPIF with a 
partial die to correct the toolpath in the vertical direction as well as the horizontal 
direction. To be more specific, a new horizontal MPC module is added into the control 
algorithm to correct the toolpath in both the horizontal and vertical directions to reduce 
dimensional deviations of the formed part. The predictive models in the vertical and 
horizontal control modules are analytical models that are built based on the deformation 
nature of TPIF with a partial die in terms of the two directions.     
 
Figure 5 Cross-sectional profiles of formed shapes during TPIF. 
Figure 5 shows the cross-sectional profiles of the formed shape in two directions during 
the forming process of TPIF. At each step, the formed shape is scanned and sectioned 
horizontally and vertically to get the cross-sectional profiles in the horizontal and 
vertical directions, respectively. The locations of the contact point 
kc
P and the bottom 
point bk
P are geometrically identified based on the local feature of the currently formed 
shape after scanning the formed shape. The cross-sectional profiles in the two directions 
are taken as the shape states for optimisation in the control modules. Each vertical 
sectional profile is obtained in a vertical section plane through a predefined radial 
direction ( 1,2, , )
s j
k k j m   . On the vertical sectional profiles, contact points kcP and 
1kc
P

in the side view are the points 
s
kQ and 1
s
kQ  in the top view, respectively. The top 
view illustrates the horizontal sections, which corresponds to the horizontal section 
planes in the side view, at two neighbouring steps.   
Since the deformation models for building the predictive models in the vertical and 
horizontal modules are different and they are obtained by sectioning the part in the 
vertical and horizontal directions, respectively, the two control modules are described 
and explained separately for clear understanding.    
2.1.1 Horizontal control module 
The newly-added horizontal MPC module is aimed to optimise ru  for toolpath 
correction in the horizontal direction. In the horizontal model, the horizontal sectional 
profile at each step is represented by intensive profile points in different radial 
directions, as seen in the top view of Figure 5. This method can provide proper accuracy 
for the estimation of horizontal error distribution in forming general shapes. As a matter 
of the resolution for representing a curve, more profile points can give more accurate 
estimation of the formed sectional profiles, especially. To guarantee enough accuracy in 
representing the formed profiles and the horizontal error distribution, the horizontal 
sectional profile at each step is sampled in 360 uniformly distributed radial directions in 
this study, as shown in the top view of Figure 5. That is, the number of profile points is 
set as m=360. At time-step k, ( , )j j jk k kQ R   is the jth profile point of horizontal profile 
( )ry k  and its radial coordinate (
j
kR ), is taken as the profile state of this point. 
Consequently, the horizontal profile state of step k is defined in the following equation, 
1 2( ) ( ), ( ), , ( ), , ( )j mr r r r ry k y k y k y k y k     .                                        (5) 
From the definition of ru  (Figure 4), namely the horizontal distance that the tool 
moves between two consecutive steps, the horizontal distance between jkQ  and 1
j
kQ   can 
be taken to be ( 1)
j
r ku  , as shown in the side view of Figure 5. In TPIF, the part is 
formed incrementally step by step with the sizes of ru  and zu  typically being small. 
Consequently, the amounts of springback in two neighbouring steps are very close to 
each other and can be taken to be equal to each other. Based on this, a linear model is 
built for MPC control to predict the horizontal profile states during the forming process. 
Since the linear model is dynamic and the feedback of the measured shape state is 
updated at each step, the prediction errors brought by the linear model can be partially 
compensated. Therefore, the linearisation can be taken as reasonable for in-process 
control in ISF. After the shape measurement at step k, the state of point 
1
j
kQ  can be 
predicted in the next equation. 
ˆ ( (1) ) 1)(j j jr r rk ky y ku                                                    (6) 
Taking into account the profile points in all radial directions, the profile state of next 
step can be estimated as, 
(ˆ ( 1 1( )| ) )r r ry k k y k u k    ,                                           (7) 
where 1 2ˆ ˆ ˆ ˆ ˆ( 1) ( , ( , , (1) 1) , ,1) 1)(j mr r r r rk k ky k y y ky y         is the predicted profile 
state of next step, 1 2( , ( ,( 1) 1) , ( , , (1) 1) 1)j mr r r r rk k k k ku u u u u            is 
the horizontal step increment of next step. 
In the future several steps, the predicted profile states can also be obtained in the 
following equation, 
 
   
1| ( ) 1)
2 | 1| 2)
(
ˆ (
ˆ ˆ (
() 1) 2)
( | ) ( ) 1) 2)
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ˆ ( ( (... )
r r r
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r r r
r r r
r r
r p r p
y k k y k k
y k k y k k u k
y k k u k
y k N k y k k k k N
u
u
u u u
   
    
    
        

 ,                     (8) 
where pN  is the prediction horizon in MPC control and is set as 6 in this work after 
tuning. 
By collecting Equation (8) together, the matrix-vector form of this equation can be 
obtained, 
     ˆr r r rY k Y k L U k   ,                                               (9) 
where ( ) [ ( ), ( ), ( ), , ( )]r r
T
r r rY k y k y k y k y k   is the measured profile states at current step,
       ˆ ˆ ˆ1| , 2 | , ˆ , |  
T
r r r r pY k y k k y k k y k N k        is the collection of the 
predictions of future horizontal profile states, 
( ) ( ,1 ), () 2 )( ,r r r p
T
rk k kU Nk u u u         stands for the horizontal inputs of 
next 
pN steps; h
L is the coefficient matrix that indicates how the horizontal input 
influences the horizontal profile state in the future pN  steps and it is expressed in the 
next equation, 
rL =
0 0 0
0 0
0
m m
m m m m
m m m m m m
I
I I
I I I

 
  
 
 
 
 
 
 
.                                      (10) 
At time-step k, the control problem in the horizontal module can be summarised as an 
optimisation problem to optimise the horizontal toolpath inputs through minimising the 
difference between the predicted profile states and target profile states in the prediction 
horizon: 
min 
2 2
0
ˆ
r r r r r rY WJ U U    ,                                          (11) 
subject to  
1
|ˆ ( ) 1,) 2, ,( ,
j
r
i
r r pk i Ny k j k y k u j

       
0( 1,2,) ,( ) , pr rk j k j Nu e ju       
where rJ  stands for the cost function, rW  is the target profile states in the horizontal 
direction, rU  contains the horizontal inputs of several future steps, 0rU  is the 
collection of the initial horizontal inputs in the initial toolpath. Besides the minimisation 
of the difference between  ˆrY k and rW , another item is added in the cost function to 
limit the control inputs in a predefined range around the initial inputs with e is set as 0.5, 
r  is the weighting coefficient and is adopted as 0.7 in this work after tuning;  
2.1.2 Vertical control module 
To optimise zu  for toolpath correction in the vertical direction, the vertical MPC 
module is developed based on a different deformation model that only uses one 
specified point to represent the vertical shape state in the vertical module while the 
control structure is similar to the horizontal control module.  
In the side view of Figure 5, the vertical cross-sectional profile at each step is a curve 
which also can be represented by a number of points. At step k, 
kc
P is the contact point 
where the flat local wall is tangent to the hemispherical end of the tool while
kb
P is the 
point where the bottom point of the ball end touches the metal blank. Due to the 
springback, the formed depth of the shape is generally smaller than the target depth. 
This control module is to drive the metal blank to the target depth by using the 
optimised zu . That is, the vertical control module aims to drive the bottom point on 
the cross-sectional profile to the target position. Considering the vertical sectional 
profiles in all the radial directions (
1 2, , , ,j mk k k k k     ) in the top view of Figure 
5, the z coordinates of the bottom points of these vertical sectional profiles are taken as 
the shape state, ( )zy k , in the vertical direction. 
1 2( ), ( ), , ( ), , (( ) )j mz zz z zy k y k y k y ky k                                          (12) 
Based on the incremental nature of TPIF, the shape is formed incrementally step by step 
and the size of zu  typically is small. Therefore, the amounts of springback in two 
neighbouring steps are very close to each other and can be considered to be equal to 
each other for building a linear model for MPC control. Under this simplification, the 
vertical distance between 
kb
P and 
1kb
P

in the radial direction 
s
k  will be the step 
depth of step k+1, as expressed in the following equation,  
 ˆ( () 1| )1s s sz z zu y k kk y k   .                                          (13) 
In the contour toolpath, the contours are parallel to each other. The contour points of 
each contour are on the same z-level plane, which is consistent with the way they are 
defined in the initial contour toolpath. Therefore, the ( 1)zu k  values in all the radial 
directions are the same. That is, 
1 2( , ( ,( 1) 1) , ( , , (1) 1) 1)j mz z z z zk k k k ku u u u u            can be expressed as, 
1( 1) ( 1)
s
z z mk Iu ku     .                                               (14) 
Based on this, the optimised ( 1)zu k  can be obtained in the optimisation of just one 
element, namely ( 1)
s
zu k  , in a selected radial direction. In this work, the radial 
direction through the middle of one of the curved fillets ( 45
s
k   ) was used for 
optimising ( 1)zu k  in the vertical control module. 
Consequently, only one element of 1 2( ), ( ), , ( ), , (( ) )j mz zz z zy k y k y k y ky k      , namely 
( )szy k , is investigated in the vertical control module. The vertical shape state at each 
step can be simplified as, 
) (( )zz
syy k k .                                                    (15)      
( )szy k  can be obtained in the cross-sectional profile in the selected radial direction 
( 45
s
k  ) after measuring the formed shape at step k. The vertical state of next step can 
be predicted as, 
 ˆ ( 1)
( 1)
1| ( )
( )
s
z z z
s s
z z
ky k k y k u
y k u k
  

 
  
,                                        (16) 
where ˆ ( 1)zy k  is the predicted profile state of next step. Similarly, the vertical shape 
states over the prediction horizon can be obtained by, 
 
   
ˆ ( 1)
ˆ ˆ ( 2)
(
1| ( )
2 | 1|
( ) 1) ( 2)
ˆ ( 1) ( 2) ( )( | ) ( )
s s
z z z
s
z z z
s s s
z z z
s s s s
z p z z z z p
y k k y k u
y k k y k
k
k
k k
k k
k u
y k u u
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Equation (17) can be gathered into the matrix-vector form, 
     ˆz z z zY k Y k L U k   ,                                              (18) 
where        ˆ ˆ ˆ1| , 2 | , ˆ , |  
T
z z z z pY k y k k y k k y k N k       collects the state predictions 
of future pN steps, ( ) [ , ,( ( )]( ) ,)
s s s
z z z z
Ty k y k yY kk   is the measured shape state at time-
step k, ( 1) ( 2)( ) ( ), , ,s s sz z z z
T
pu k u k kU k Nu          is the vertical toolpath inputs, 
zL is a matrix obtained by collecting Equation (17) together and is expressed as, 
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1 0 0 0
1 1 0 0
0
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.                                                 (19) 
To the drive the formed depth as close as possible to the target depth at each step, the 
control problem in the vertical control module at time-step k can also be summarised as 
an optimisation problem in the following equation. The second item is used to limit the 
size of vertical toolpath inputs that are negative at all steps. z  is set as 0.2, which is the 
same as in [1]. 
min 
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z z z z z zY W UJ U                                                       (20) 
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where zJ is the cost function, zW  is the target vertical states. The min and max values of 
zu  are 0.5mm and 2 mm, respectively.  
In summary of Section 2.1, two separate MPC control modules have been developed to 
get the optimal ru  and zu for in-process toolpath correction at each step. To solve the 
optimisation problems in the two control modules, the cost functions can be transformed 
into typical Quadratic Programming (QP) problems and would be solved using the 
method in our previous study [1]. After solving the optimisation problems, 
*
zU and
*
rU , 
the optimised toolpath inputs over the next pN steps, will be obtained. Only the first 
optimal move, namely the optimised toolpath inputs in the next one step, will be applied 
to form the contour in the next single step. Control actions will be conducted using the 
two-directional MPC control algorithm at each subsequent step until the shape is finally 
formed. 
2.2 Application in TPIF with a partial die  
The developed control strategy was applied to TPIF using a partial die to form parts. 
The implementation of the control system in the lab is shown in Figure 6. After the 
forming of a certain step was finished, currently formed shape was measured by a 3D 
digitiser. The shape states of current shape used for feedback control were generated by 
sectioning the scanned geometry. The shape states then were imported into the MPC 
control module where toolpath parameters were optimised in the well-defined 
optimisers. As a result, the metal blank was deformed by the tool following a corrected 
toolpath in the next step. As the tool formed down step by step, the toolpath was 
continuously corrected based on the shape feedback to get improved geometric accuracy 
in the final part.  
 
Figure 6 Structure of the closed-loop control system for ISF. 
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3. Experimental validation 
The developed control strategy for TPIF with a partial die was experimentally validated 
in forming a non-axisymmetric shape. The control system for TPIF is built based on an 
ISF machine from AMINO
®
 Corporation (Figure 6). During the forming process with 
control, the shape measurement of the formed parts for feedback is completed using a 
3D Digitiser (VIVID 9i) placed on the top of the forming platform. It takes about 2.5 
seconds for each scan and the scanning accuracy is in the range of ±0.05 mm, which is 
of sufficient accuracy for shape measurement in ISF. Then, the geometric data of 
scanned formed parts is collected in GEOMAGIC Qualify and is imported to the control 
algorithm programmed in Python. When the forming process is completed, the 3D 
comparison between the scanned formed part and the designed CAD model is 
performed using GEOMAGIC Qualify. The experiment results from uncontrolled and 
controlled TPIF processes were compared and analysed in terms of the geometric 
accuracy.   
3.1  Case studies 
The test shape used for the experiments was a non-axisymmetric shape, which contains 
both flat and curved walls (Figure 7). The wall angle was 40° and the total depth was 
35mm. There are a number of z-level contours in the initial toolpath, as shown in Figure 
7. The initial step depth was set as 1mm. Consequently, the number of steps in the 
forming process was calculated as 35. The metal sheet used for tests was made of 
aluminium (AA 7075-O) and the raw thickness was 1.6 mm. The unformed blank size 
was 300 mm × 300 mm. A ball-ended tool with a 20 mm diameter was used in the 
experiments. The feed rate in the forming process was 4000 mm/min. Based on the test 
shape, a partial die (Figure 8) made of timber was fabricated for the TPIF forming 
process in the test. Lubricating oil was used for lubrication during the forming process. 
 
Figure 7 Test shape and the initial toolpath from CAM software. 
 
Figure 8 The partial die used in the TPIF process. 
3.2  Results and discussion 
In this section, the results of toolpath correction in TPIF are firstly illustrated by the 
comparison of initial toolpath and the corrected toolpath. Figure 9 shows the contours of 
the corrected toolpath and initial toolpath in terms of three sample steps (10th, 20th, and 
30th). The initial depth of the contours at the three steps are z=-10, -20, -30mm, 
respectively, since the initial step depth was set as 1mm. From the comparison in the 
isometric view and the top view, it can be observed that the toolpath is corrected in the 
horizontal and vertical directions. This is achieved based on the optimised zu and ru
at each step during the forming process.  
 
 
Figure 9 Contours of the corrected toolpath and the initial toolpath at three sample steps: (a) 
Isometric view; (b) Top view; 
(a) 
(b) 
To analyse the geometric accuracy of uncontrolled and controlled TPIF processes, 
formed parts in the unclamped condition are compared using horizontal sectional 
profiles (Figure 10) and error distribution colour maps from the top view (Figure 11). 
The sectional profiles in Figure 10 were obtained in the horizontal sections at three z 
levels (z=-10, -20, -30mm). 
In the TPIF process without toolpath control, the formed part has low geometric 
accuracy in the wall areas and the errors reach as large as 3 mm near the outside 
(bottom) edges, as shown in Figure 10 and Figure 11a. This is mainly caused by the 
sheet springback. However, from the top view (Figure 11), the inside base area (top) 
supported by the partial die is of high accuracy (±0.3 mm) in both controlled and 
uncontrolled TPIF processes. Also, there is no notable “pillow effect”, which occurs in 
the flat base of the formed part in SPIF, observed in the base areas in the TPIF 
processes.  
Compared with the part formed in uncontrolled TPIF, the part formed with MPC control 
has improved accuracy in most areas, as shown in Figure 11b. This can also be 
demonstrated by the comparison of the sectional profiles (Figure 10). In particular, there 
is significant improvement (from ±3 mm to ±0.3 mm) on the geometric accuracy in 
terms of the wall areas. Nevertheless, the accuracy in the certain areas of the corner 
fillets is still out of the desirable range and is slightly worse than the result from TPIF 
without toolpath control. In the areas of corner fillets, the local curvature of the shape 
changes rapidly in a relatively small range since the fillet radius equals the tool radius in 
the shape design. This could cause sudden changes of the strain when the tool deforms 
this area. As a result, the springback in the corner fillet areas varies rapidly so that the 
springback would be more complex and more difficult to capture. The springback of 
these areas was not well compensated in the current control model, which is the primary 
limitation of the current work. 
Figure 12 shows the comparison of deviation distributions (percentage) between TPIF 
processes with and without control. More specifically, the formed shape was scanned 
into a large number of scatter points. This figure illustrates how dimensional deviations 
of all the points are distributed in different deviation ranges in the form of percentage 
distribution. The percentage of deviations ranging from +0.6 mm to +3.0 mm is greatly 
shortened from 78% to 8.5% with the use of MPC control algorithm. The percentage of 
deviations in the range ±0.3 mm significantly increases from 19.5% to 70%. Compared 
with uncontrolled TPIF, the deviations of the points are more intensively distributed 
near the desirable range in terms of the TPIF with toolpath control.  
 Figure 10 Comparison of sectional profiles from three horizontal sections. 
  
Figure 11 Geometric accuracy colour maps: (a) No control; (b) MPC control. 
(a) 
(b) 
 Figure 12 Deviation distributions (percentage) of different error ranges in the colour maps. 
4. Conclusions and Future work  
This paper reports an in-process toolpath correction strategy specially developed for 
TPIF with a partial die using MPC control for its ability to use linear models to achieve 
good control of constrained nonlinear systems in various industries [17, 19]. The MPC 
control algorithm was developed based on the deformation nature of TPIF with partial 
die, and a simple MPC algorithm for SPIF in our previous work [1]. The control 
algorithm presented in this paper is able to deal with toolpath correction in the 
horizontal and vertical directions through optimising two toolpath parameters ( ru and
zu ) in two separate control modules. This toolpath correction strategy was 
experimentally tested to form a non-axisymmetric shape. Compared with the typical 
TPIF process that has no toolpath correction, fairly good improvement in geometric 
accuracy was achieved with the use of the toolpath correction strategy in TPIF with a 
partial die while the geometric accuracy in the partial fillet areas requires further 
improvement. This work provides a helpful approach to achieve in-process toolpath 
control/correction in TPIF. 
One of the primary limitations of this work is that current control approach is not able to 
perfectly compensate the springback in the partial corner fillet areas of the test shape. 
The springback in the fillet areas with high curvature could be more complex because 
the local curvature changes rapidly in a small range and rapid changes of the strain 
could occur when the tool deforms the corner fillets. In the current control model, the
zu values of the contour points in different radial directions on each contour are taken 
to be constant, which follows the way of defining zu in the typical contour toolpath. To 
effectively correct the errors in the areas with high curvature, such as corner fillets, the z 
positions of the contour points on each contour might need to be adjusted differently in 
different radial directions.  
In the future, this limitation might be solved by using more complex predictive models 
and the further development of current MPC control algorithm through using varying
zu values in different radial directions at each step as well as coupling two toolpath 
parameters in the control algorithm. What’s more, the geometric errors in the region that 
has already been formed might be further corrected by the integration of the MPC 
control algorithm with a multi-stage toolpath.  
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